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1. Introduction
The well-known Hadamard inequality (see, for example, [1,2] and references
therein) asserts that for convex bounded function f defined on the segment [a, b]
of the real line R we have
f
(
a + b
2
)
 1
b− a
b∫
a
f (x) dx  1
2
(
f (a)+ f (b)). (1)
In this paper we shall study generalizations of the left side of this inequality
for some classes of quasiconvex functions defined on a convex subset of n-
dimensional space Rn. Generalization of the left side of (1) for convex functions
defined on a convex subset of Rn are well-known. For example, if X ⊂ Rn is a
convex bounded symmetrical set (the latter means that x ∈ X⇒−x ∈ X), then
(see, for example, [3])
f (0) 1
µ(X)
∫
X
f (x) dx (2)
for each lower semicontinuous convex function f :X→ R, where µ(X) is the
volume of the set X.
Generalizations of (1) for quasiconvex functions defined on the real line also
well-known. It was established in [2] (see also [3,4]) that for a quasiconvex
function f defined on [a, b] we have
f
(
a + b
2
)
 2
b− a
b∫
a
f (x) dx. (3)
All discussed versions of the Hadamard type inequality give an estimate of
the integral through the centre of the central symmetric set. A version of the
Hadamard type inequality with respect to an arbitrary interior point of the segment
on the real line was established in [4]. In particular, it was shown at [4] that for an
arbitrary point u ∈ (0,1) and arbitrary nonnegative quasiconvex function defined
on [0,1] the following inequality holds:
f (u) 1
min(u,1− u)
1∫
0
f (x) dx. (4)
In the present paper we extend an approach developed in [4] for some classes
of nonnegative quasiconvex functions defined on the closed convex subset X of a
n-dimensional space Rn. We show that the asymptotically sharp estimate γ in the
inequality f (u) γ
∫
X f (x) dµ, where f is an evenly quasiconvex nonnegative
function defined on X, can be obtained through the calculation of the measure of
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certain slices of the set X. (Here µ is an arbitrary finite Borel measure on X.)
Then we consider the inequality of the form
f (u) γh
∫
X
h(f (x)) dµ, f ∈Q+0 (X),
where Q+0 (X) is the set of evenly quasiconvex nonnegative functions f defined
on X such that f (0) = 0 (it is assumed that 0 ∈ X). Here h :R+ → R+ is
an increasing function such that λh := supc>0(c/h(c)) < +∞. Under certain
conditions we show that the asymptotically sharp estimate γh in this inequality is
the product λh ·γ∗, where γ∗ is the asymptotically sharp constant in the inequality
f (u) γ∗
∫
X
f (x) dµ, f ∈Q+0 (X).
Finally, we give an explicit expression of the constant γ∗ for the case, where X
is the unit square in the plane R2.
2. Preliminaries
Let Y be a set of real-valued functions defined on a set X. We assume that
Y is equipped with the point-wise order relation: if f,g ∈ Y then f  g if and
only if f (x) g(x) for all x ∈X. A set L⊂ Y is called a supremal generator of
Y if f (x)= sup{l(x): l ∈ L, l  f } for all x ∈X. Our study of Hadamard type
inequalities is based on the following principle of preservation of inequalities (see
[5] and also [3]).
Proposition 1. Let L be a supremal generator of Y and let ψ be an increasing
functional defined on Y ; that is (f, g ∈ Y, f  g)⇒ ψ(f )  ψ(g). Let further
u ∈X. Then
(l(u)ψ(l) for all l ∈L) ⇒ (f (u)ψ(f ) for all f ∈ Y ).
Proof. For the sake of completeness we present the simple proof of this
proposition. Let l ∈ U := {l′ ∈ L: l′  f }. Since l  f and ψ is an increasing
functional, we have l(u)  ψ(l)  ψ(f ). Hence, f (u) = supl∈U l(u)  ψ(f ).
Thus the result follows. ✷
Let L, Y , ψ and u be as in Proposition 1. Assume that Y consists of
nonnegative functions and ψ(f )  0 for all f ∈ Y . We accept the following
convention:
0
0
= 0, c+∞ = 0 for all c 0,
c
0
=+∞ for all c > 0.
Let
γ = sup
l∈L
l(u)
ψ(l)
. (5)
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Assume that γ <+∞. Then, due to principle of preservation of inequalities, we
have
f (u) γψ(f ) for all f ∈ Y. (6)
Note that γ is the asymptotically sharp constant. This means that for each ε > 0
there exists a function f ∈ Y such that the inequality f (u) (γ − ε)ψ(f ) does
not hold. Indeed, the asymptotic sharpness follows directly from the definition of
the supremum. Thus in order to establish the inequality of the form (6) with the
asymptotically sharp constant we need to calculate the number γ given by (5). It
can be proved in some instances that there exists f ∈ Y such that f (u)= γψ(f ).
If this inequality holds then the constant γ is called sharp.
3. Hadamard type inequality for quasiconvex functions
Recall that a function f defined on a convex set X in a n-dimensional space
R
n is called quasiconvex if f (αx+ (1−αy))max(f (x), f (y)) for all x, y ∈X
and α ∈ (0,1). An equivalent definition: a function f is called quasiconvex if its
level sets Sc(f )= {x: f (x) c} are convex for all c ∈ R. It is well-known that
a function f of the form f (x) = g(x)/h(x) is quasiconvex if g is nonnegative
and convex and h is positive and concave. A set X is called evenly convex if
for each x ′ /∈ X there exists v ∈ Rn such that [v, x ′] > [v, x] for each x ∈ X.
(Here and in the sequel [v, x] stands for the inner product of vectors v and x .)
Clearly each open convex set and closed convex set are evenly convex. A function
f is called evenly quasiconvex if its level sets Sc(f ) are evenly convex for
all c. Each quasiconvex function, which is either lower semicontinuous or upper
semicontinuous, is evenly quasiconvex.
Denote by Q+ the set of all nonnegative evenly quasiconvex functions
f :Rn → R+∞ ≡ R ∪ {+∞}. Let Q+0 = {f ∈Q+: f (0) = 0}. For each vector
v ∈Rn and each number c 0 consider the function lv,c defined by
lv,c(x)=
{
c if [v, x] 1,
0 if [v, x]< 1. (7)
Let L0 = {lv,c: v ∈Rn, c ∈R+}. It is easy to check that L0 ⊂Q+0 . The following
result hold (see, for example, [3]).
Proposition 2. L0 is a supremal generator of Q+0 .
Let X ⊂ Rn be a closed convex set. Denote by Q+(X) the set of all
nonnegative evenly quasiconvex functions f :X→R+∞ such that the minimum
min{f (x): x ∈ X} is attained. If X is compact then each lower semicontinuous
nonnegative quasiconvex function f defined on X belongs to Q+(X). We now
define a set L(X) of two-step functions defined on X. A function l belongs to
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L(X) if and only if there exists a vector v ∈Rn, a point x0 ∈X and nonnegative
numbers c and d such that c d and for all x ∈X we have
l(x)=
{
c if [v, x − x0] 1,
d if [v, x − x0]< 1. (8)
Clearly L(X)⊂Q+(X).
Proposition 3. The set L(X) is a supremal generator of the set Q+(X).
Proof. Let f ∈Q+(X). Then there exists a point x0 ∈X such that f (x) f (x0)
for all x ∈X. Consider the set Z =X− x0 and the function g defined on Z by
g(z)=
{
f (z+ x0)− f (x0) if z ∈ Z,
+∞ if z /∈ Z.
Clearly g ∈ Q+. Due to Proposition 2, there exists a set U ⊂ L0 such that
g(z) = supl∈U l(z) for all z ∈ Rn. For each l ∈ U consider the function m(l)
defined on X by m(l)(x)= l(x−x0)+f (x0). It is easy to check thatm(l) ∈ L(X)
and f (x)= supl∈U m(l)(x) for all x ∈X. ✷
Let
ψ(f )=
∫
X
f (x) dµ
(
f ∈Q+(X)), (9)
where µ is a finite Borel measure defined on X. Let u ∈X. We wish to establish
the asymptotically sharp inequality of the form
f (u) γ
∫
X
f (x) dµ,
which is valid for all f ∈ Q+(X). For this purpose we need to calculate the
constant γ defined by (5). In our case
γ = sup
l∈L(X)
l(u)∫
X
l(x) dµ
. (10)
Let u ∈X. In order to calculate γ , we need the following sets:
A+u =
{
(v, x0) ∈Rn ×X: [v,u− x0] 1
} (11)
and
A−u =
{
(v, x0) ∈Rn ×X: [v,u− x0]< 1
}
. (12)
We also define for each v ∈Rn and x0 ∈X sets
X+v,x0 =
{
x ∈X: [v, x − x0] 1
}
,
X−v,x0 =
{
x ∈X: [v, x − x0]< 1
}
. (13)
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Note that
A+u ∩A−u = ∅ and A+u ∪A−u =Rn ×X,
and
X+v,x0 ∩X−v,x0 = ∅ and X+v,x0 ∪X−v,x0 =X.
If (v, x0) ∈A+u then X+v,x0 = ∅; indeed, u ∈X+v,x0 . The same argument shows that
X−v,x0 = ∅ for (v, x0) ∈A−u .
Theorem 1. Let γ defined by (10). Then
γ = sup
(v,x0)∈A+u
1
µ(X+v,x0)
. (14)
Proof. Each function l ∈ L is defined by (8), where v ∈Rn, x0 ∈X and c, d ∈R+
with c d . If l defined by (8) then∫
X
l(x) dµ= cµ(X+v,x0
)+ dµ(X−v,x0
)
. (15)
We have also l(u) = c if (v, x0) ∈ A+u and l(u) = d if (v, x0) ∈ A−u . We can
present L(X) as the union of two disjoint sets. One of them contains functions
l of the form (8) with (v, x0) ∈ A+u and arbitrary c  d  0. The other contains
functions l with (v, x0) ∈A−u and arbitrary c d  0. Applying (10) and (15) we
conclude that γ =max(γ+, γ−), where
γ+ = sup
(v,x0)∈A+u , cd0
c
cµ(X+v,x0)+ dµ(X−v,x0)
, (16)
γ− = sup
(v,x0)∈A−u , cd0
d
cµ(X+v,x0)+ dµ(X−v,x0)
. (17)
It follows from (16) and (17), respectively, that
γ+ = sup
(v,x0)∈A+u , 0c′1
1
µ(X+v,x0)+ c′µ(X−v,x0)
= sup
(v,x0)∈A+u
1
µ(X+v,x0)
,
γ− = sup
(v,x0)∈A−u , c′1
1
c′µ(X+v,x0)+µ(X−v,x0)
= sup
(v,x0)∈A−u
1
µ(X+v,x0)+µ(X−v,x0)
= 1
µ(X)
.
Since µ(X+v,x0)  µ(X) for all (v, x0) we conclude that γ = max(γ+, γ−) =
γ+. ✷
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Corollary 1. Let u ∈X and γ is defined by (14). Then
f (u) γ
∫
X
f (x) dµ (18)
for each f ∈Q+(X) and the constant γ is asymptotically sharp.
Corollary 2. If inf(v,x0)∈A+u µ(X+v,x0) is attained, then the constant γ in the
inequality (18) is sharp.
Proof. Let inf(v,x0)∈A+u µ(X
+
v,x0)= µ(X+w,z0) where (w, z0) ∈A+u . Let
l(x)=
{
1 if x ∈X+w,z0 ,
0 if x ∈X−w,z0 .
Since (w, z0) ∈A+u it follows that u ∈X+w,z0 , so l(u)= 1. We have also
γ = 1
inf(v,x0)∈A+u µ(X
+
v,x0)
= 1
µ(X+w,z0)
,
∫
X
l(x) dµ= µ(X+w,z0
)
.
Thus l(u)= γ ∫X l(x) dµ. ✷
4. Hadamard type inequality for quasiconvex functions vanishing at zero
Let X ⊂ Rn be a closed convex set such that 0 ∈ X. Let Q+0 (X) be the set
of all evenly quasiconvex nonnegative functions defined on X and such that
f (0) = 0 and let L0(X) be the set of restrictions to X of functions from L0.
In other words, l ∈ L0(X) if there exists v ∈ Rn and a number c  0 such that
l(x)= lv,c(x)(x ∈X), where lv,c is defined by (7). It follows from Proposition 2
that L0(X) is a supremal generator of Q+0 (X).
Consider an increasing function h :R+→R+ such that h(x) > 0 for all x > 0
and
λh = sup
c>0
c
h(c)
<+∞, (19)
and let
ψh(f )=
∫
X
h(f (x)) dµ, f ∈Q+0 (X), (20)
where µ is a finite Borel measure on X. Clearly ψh is an increasing functional
defined on Q+0 (X). Let u ∈X and
γh = sup
l∈L0(X)
l(u)∫
X
h(l(x)) dµ
. (21)
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Let u ∈X. Consider sets
Bu =
{
v ∈Rn: [v,u] 1}
and
Xv =
{
x ∈X: [v, x] 1} (v ∈Bu).
Note that Bu is not empty for all u = 0 and Xv is not empty for all u = 0, since
u ∈Xv . Let
γ∗ = sup
v∈Bu
1
µ(Xv)
. (22)
Theorem 2. We have γh  λh · γ∗. If either h(0)= 0 or λh := supc>0(c/h(c))=
limc→+∞(c/h(c)), then γh = λh · γ∗.
Proof. Let l ∈ L0(X). Then there exists v ∈Rn and c 0 such that l(x)= lv,c(x)
for x ∈X. We have
γh = sup
v∈Rn, c0
lv,c(u)∫
X
h(lv,c(x)) dµ
.
Since lv,c(u)= 0 if either v /∈Bu or c= 0, it follows that
γh = sup
v∈Bu, c>0
c∫
X
h(c) dµ
= sup
v∈Bu, c>0
c
h(0)µ(X \Xv)+ h(c)µ(Xv)  supv∈Bu, c>0
c
h(c)µ(Xv)
= sup
v∈Bu, c>0
c
h(c)
1
µ(Xv)
= sup
c>0
c
h(c)
sup
v∈Bu
1
µ(Xv)
= λh · γ∗. (23)
If h(0)= 0 then (23) holds as the equality, so γh = λh · γ∗. Assume now that the
λh := sup
c>0
c
h(c)
= lim
c→+∞
c
h(c)
.
We have
sup
v∈Bu, c>0
c
h(0)µ(X \Xv)+ h(c)µ(Xv)
= sup
v∈Bu
sup
c>0
c
h(0)µ(X \Xv)+ h(c)µ(Xv)
= sup
v∈Bu
sup
c>0
1
h(0)µ(X \Xv)/c+ (h(c)/c)µ(Xv) .
Since infc>0(1/c)= limc→+∞(1/c)= 0 and
inf
c>0
h(c)
c
= lim
c→+∞
h(c)
c
= 1
λh
,
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it follows that
sup
c>0
1
h(0)µ(X \Xv)/c+ (h(c)/c)µ(Xv) =
λh
µ(Xv)
.
Thus
γh = sup
v∈Bu
sup
c>0
c
h(0)µ(X \Xv)+ h(c)µ(Xv) = supv∈Bu
λh
µ(Xv)
= λh · γ∗. ✷
Corollary 3. Let u ∈ X and let λh and γ∗ are defined by (21) and (22),
respectively. Then
f (u) λh · γ∗
∫
X
f (x) dµ (24)
for each f ∈ Q+0 (X). If either h(0) = 0 of λh = limc→+∞(c/h(c)), then the
constant γh = λh · γ∗ is asymptotically sharp.
Corollary 4. If inf(v,x0)∈Bu µ(Xv) is attained, supc>0(c/h(c)) is attained and
h(0)= 0, then the constant λh · γ∗ in the inequality (24) is sharp.
The proof of this corollary is similar to that of Corollary 2 and we omit it.
Consider the set H0 of all increasing functions h such that h(0)= 0 and (19)
holds. It is easy to see that h + g ∈ H0 for each h ∈ H0 and each increasing
function g with g(0)= 0. In particular, the function h defined by h(x)= x+g(x),
where g is an arbitrary increasing function with g(0)= 0 belongs to H0.
Example 1. Let
ϕ(f )=
∫
X
(
f (x)+ sinf (x))dµ (f ∈Q+0 (X)).
Clearly ϕ(f )= ψh(f ), where h(c)= c+ sin c. The function h is increasing and
h(0)= 0. We have
λh = sup
c>0
c
c+ sin c = supc>0
1
1+ sin c/c .
Since minc>0(sin c/c) is attained at c= 3π/2 and equal to −2/3π , we have λh =
3π/(3π − 2). Then for each f ∈Q+0 (X) we have the following asymptotically
sharp inequality:
f (u) 3π
3π − 2 supv∈Bu
1
µ(Xv)
∫
X
(
f (x)+ sinf (x))dµ.
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5. Examples
In this section we provide an example in which we explicitly obtain the
constant γ∗ defined by (22) for a unit square X = [−1,1] × [−1,1] on the
plane R2. We assume that the Lebesgue measure µ is considered. Recall that
γ∗ = sup
v∈Bu
1
µ(Xv)
,
where Bu = {v ∈ R2: v1u1 + v2u2  1} and Xv = {x = (x1, x2) ∈ X: v1x1 +
v2x2  1}. Sinceµ is the Lebesgue measure,µ(Xv) denotes the area of the setXv .
In order to calculate γ∗ it is sufficient to calculate
∆= inf
v∈Bu
µ(Xv).
Theorem 3. Consider the square X = [−1,1] × [−1,1] in the plane R2. For any
point (u1, u2) ∈ intX \ {0} we have
γ∗ = 12(1− |u1|)(1− |u2|) .
Proof. Case 1. We will first consider the points u = (u1, u2) which lie in
intR2+ ∩X. By simple geometrical arguments we conclude that the straight lines
passing through (u1, u2) and of the form v1x1 + v2x2 = 1 that are required to
evaluate ∆ are the ones which have v1  0 and v2  0. Among these lines the
ones that intersect any of the two pairs of parallel sides can be ruled out by simple
geometrical arguments. Hence the only lines passing through (u1, u2), which are
of interest to us, are the lines that intersect the adjacent sides given by equations
x1 = 1 and x2 = 1. We need to calculate the areas of the triangles, which are
formed by mentioned lines and adjacent sides and then find the minimum among
these areas, which will be precisely ∆. An easy calculation shows that
∆= 0.5 inf
v1,v2
(v1 + v2 − 1)2
v1v2
. (25)
Using the routine technique we can show that
γ∗ =: 1
∆
= 1
2(1− u1)(1− u2) . (26)
Case 2. We now consider the case when either u1 = 0 or u2 = 0 but not both.
Assume without loss of generality that u1 = 0 and u2 > 0. An easy calculation
shows that
γ∗ = 12(1− u2) .
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Hence in a symmetric fashion if u1 > 0 and u2 = 0 we have
γ∗ = 12(1− u1) .
Case 3. Due to the symmetric nature of X for points lying in the other three
quadrants γ∗ can be calculated in a similar manner and with sign changes for
v1 and v2. For example in the interior of the third quadrant we need v1 < 0 and
v2 < 0. ✷
Remark 1. After the interior points we now move onto the points in the boundary.
Let u be a boundary point of the square X. Then there exists a point v ∈ Bu such
that µ(Xv) = 0, so (see (22)) γ∗ = +∞. Hence this point is not of interest to
us. Now we consider the case (u1, u2) = (0,0). Observe that since f ∈ Q+0 , it
follows that 0 = f (0)  f (x). Hence f (x)  γ ′ ∫
X
f (x) dx , with any γ ′  0.
Hence γ∗ = 0 gives us the asymptotically sharp constant. Let us observe from
(22) that our calculation of the constant γ∗ depends on the fact that the set Bu = ∅.
But as Bu = ∅, when u = 0 the above method of calculation, i.e., the proof of
Theorem 3 is not applicable to the case (0,0). Note that (0,0) is the centre of
symmetry of the square X and the Hadamard inequality in its classical form is
usually studied exactly with respect to the centre of the set.
We now examine the simplest case n= 1.
Proposition 4. Consider n= 1 and X = [−1,+1]. Then
γ = γ∗ =


1
min(1+ u,1− u) , u ∈ (−1,1), u = 0,
γ = 1, γ∗ = 0, u= 0,
where γ and γ∗ are defined by (10) and (22), respectively.
Proof. First, recall that an arbitrary quasiconvex function on the real line is evenly
quasiconvex.
In the Introduction we have seen that for a nonnegative quasiconvex function
f defined on [0,1] the following inequality holds (see [4] for details):
f (u) 1
min(u,1− u)
1∫
0
f (x) dx.
It is easy to check that the constant γ ′ in this inequality is sharp.
This result can be easily extended for an arbitrary segment [a, b]. Using the
transformation
u= v − a
b− a , v ∈ (a, b)
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we can easily check that for an arbitrary nonnegative quasiconvex function f
defined on the segment [a, b] of the real line and an arbitrary point v ∈ (a, b) the
following inequality holds:
f (v) 1
min(v − a, b− v)
b∫
a
f (y) dy
and the constant
γ = 1
min(v − a, b− v)
is sharp on the class of all such functions. Thus, considering X = [−1,+1] we
have for any u ∈ (−1,1):
γ = 1
min(1+ u,1− u) .
Now using the method demonstrated in Theorem 3, for nonnegative quasiconvex
functions with u ∈ intX \ {0} we have
γ∗ = 1
min(1+ u,1− u) .
Hence γ = γ∗ for u ∈ intX \ {0}. We have also that γ = 1 and γ∗ = 0 for
u= 0. ✷
Remark 2. Let us observe that there is an interesting similarity in the structure of
γ∗ for the cases n= 1 and n= 2.
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